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Abstract 
An eigenaxis maneuver strategy with global robustness is studied for large angle attitude maneuver of rigid spacecraft. A slid-
ing mode attitude control algorithm with an exponential time-varying sliding surface is designed, which guarantees the sliding 
mode occurrence at the beginning and eliminates the reaching phase of time-invariant sliding mode control. The proposed control 
law is global robust against matched external disturbances and system uncertainties, and ensures the eigenaxis rotation in the 
presence of disturbances and parametric uncertainties. The stability of the control law and the existence of global siding mode are 
proved by Lyapunov method. Furthermore, the system states can be fully predicted by the analytical solution of state equations, 
which indicates that the attitude error does not exhibit any overshoots and the system has a good dynamic response. A control 
torque command regulator is introduced to ensure the eigenaxis rotation under the actuator saturation. Finally, a numerical simu-
lation is employed to illustrate the advantages of the proposed control law. 
Keywords: attitude maneuver; nonlinear; eigenaxis rotation; torque saturation; time-varying sliding mode control 
1. Introduction1 
Large angle attitude maneuver of rigid spacecraft 
has been extensively studied in the past decades[1-8]. To 
remove the strong nonlinear and coupling, the motion 
was usually decomposed into a sequence of single axis 
rotation[1], at the expense of slow response; nonlinear 
control theory was applied to attitude maneuver in 
Ref.[2] and the maneuver time was extremely saved by 
using multiaxial rotation instead of single axis decom-
position strategy. Among the multiaxial rotation, ei-
genaxis rotation is attractive for its constitution of the 
shortest angular path between two orientations[3-8]. 
With the time histories of maneuver acceleration, rate 
and attitude being calculated in advance as the open 
loop commands, eigenaxis rotation is achieved by the 
on-off thrusters[3]. However, open-loop schemes are 
sensitive to spacecraft parameters, external distur-
bances and initial attitude rate. B. Wie, et al.[4-6] studied 
the quaternion feedback strategy for large angle atti-
tude maneuver and a quaternion feedback regulator for 
eigenaxis rotation was given in Ref.[6], where the con-
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trol law contained the linear feedback of quaternion 
error and angular rate, as well as the nonlinear feed-
forward of angular rate to cancel the coupling torque. 
H. Seywald, et al.[7] analyzed the dynamics of the con-
trol law in Ref.[6] and provided theoretical proof of 
eigenaxis rotation. S. O. Hwa, et al.[8] extended Rest- 
to-Rest eigenaxis maneuver to Move-to-Rest case by 
orthogonal decomposition of the angular rate, and by 
fast damping the angular rate perpendicular to the ei-
genaxis, a near-eigenaxis rotation was achieved. 
Moreover, in order to reduce the dependence on the 
knowledge of the inertial matrix, a model independent 
eigenaxis maneuver control law with quaternion feed-
back was given by J. Lawton, et al.[9-10]. However, the 
parameter selection still depends on the inertial matrix 
information, which could be treated as a near-eigenaxis 
rotation control strategy.  
Due to the fuel consumption or load releasing, the 
changing mass properties of spacecraft often lead to 
the uncertainties of the inertial matrix; furthermore, the 
spacecraft is inevitably influenced by the space distur-
bances during the maneuver, which together call for 
the strong robustness of the eigenaxis rotation control 
algorithm. But the price paid for robustness is that the 
rotation is not exactly performed about the eigenaxis[6]. 
Considering the effect of the disturbances and uncer-
tainties, the control strategies mentioned above usually 
rotated the spacecraft deviating from eigenaxis. The 
global robust eigenaxis rotation strategy does not ap-Open access under CC BY-NC-ND license.
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pear to have been published previously in the open 
literature. 
Sliding mode control (SMC) is a nonlinear robust 
control method, which is widely applied in spacecraft 
attitude control for its strong robustness against dis-
turbances and uncertainties when the system states are 
sliding on the sliding surface[11-13]. S. R. Vadali[11] 
studied the spacecraft attitude regulation by SMC, 
where the sliding surface synthesis problem was re-
solved through minimization of mean-square quater-
nion error and mean-square angular rate. T. A. W. 
Dwyer, et al.[12] gave the similar results with Cayley- 
Rodrigues as attitude parameters. J. L. Crassidis[13] 
extended the situation to attitude tracking problem 
with modified Rodrigues parameters (MRPs) as the 
attitude representation. However, the strong robustness 
of SMC is ensured only after the system state reaches 
the sliding surface, and the robustness is not guaran-
teed during the reaching phase. In the process of 
reaching phase, the system is still sensitive to the pa-
rameter perturbation and external disturbances, and the 
desired dynamic behavior of the system which is gov-
erned by the sliding surface equation during the sliding 
phase cannot attain for sometime after the start of the 
motion. Consequently, time-varying sliding mode con-
trol (TVSMC) is proposed by some scholars to shorten 
or eliminate the reaching phase[14-16] by using a 
time-varying sliding surface instead of time-invariant 
sliding surface. The sliding surface passes through the 
system initial state at the beginning of the motion and 
moves toward a predetermined time-invariant sliding 
surface in the form of translating or rotating. A step-
wise time-varying sliding surface was designed by S. 
B. Choi, et al.[14], however, as the sliding surface was 
shifted discontinuously, the stepwise time-varying 
sliding mode control does not eliminate the reaching 
phase but only shorten it. Subsequently, A. Bartosze-
wicz[15] proposed a continuously time-varying sliding 
mode control strategy for a class of second order 
nonlinear single-input single-output (SISO) system. By 
adding the constant term and proportional term to the 
time-invariant sliding surface, the sliding surface was 
translated continuously without rotation. As the system 
states are maintained on the sliding surface throughout 
the motion, the reaching phase is totally eliminated and 
the system is global robust against matched external 
disturbances and parameters uncertainties. Y. Q. Jin, et 
al.[16] shifted the sliding surface by rotation instead of 
translation for a class of second order nonlinear multi-
ple-input multiple-output (MIMO) system, and applied 
TVSMC to the attitude tracking control of rigid space-
craft, however, the selection of derivation of the MRPs 
as the sliding surface parameter is undesirable because 
it could not be measured directly. 
Based on the interesting properties of MRPs attitude 
kinematics, an exponential time-varying sliding sur-
face is designed with angular rate and MRPs as sliding 
surface parameters, and an exponential time-varying 
sliding mode control law (ETVSMC) is proposed for 
large angle attitude eigenaxis Rest-to-Rest maneuver 
of rigid spacecraft, which ensures the global robustness 
against external disturbances and parametric uncertain-
ties and the performance of eigenaxis rotation is prom-
ised meanwhile. The Lyapunov method is utilized to 
prove the stability of the proposed control law and the 
existence of global sliding mode. The global sliding 
mode feature makes the highly coupled nonlinear 
system completely decoupled and linearized. Most 
significantly, when the initial conditions are given, 
the system’s behavior can be fully predicted. More-
over, the control saturation due to the physical limit 
of actuator is taken into account. A torque command 
regulator with a switching scheme is introduced to 
ensure the eigenaxis rotation in the presence of con-
trol constraint. Finally, a numerical simulation is used 
to illustrate the advantages of the proposed control 
law. 
2. Mathematical Model and Problem Statement 
The attitude dynamics equation of thruster control 
rigid spacecraft described in the body frame is given 
by 
 c d[ ]+ = +×J J T Tω ω ω          (1) 
where ω  [ω1  ω2  ω3]T∈R3 is the inertial angular 
velocity expressed in the body frame; [ω×] is the 
skew-symmetric matrix of ω defined by 
3 2
3 1
2 1
0
0
0
][
ω ω
ω ω
ω ω
−⎡ ⎤⎢ ⎥= −⎢ ⎥⎢ ⎥−⎣ ⎦
×ω  
J= Jˆ +δJ is the actual inertial matrix, where δJ denotes 
the uncertainties of inertial matrix caused by the 
changes of the mass properties of spacecraft and Jˆ is 
the nominal inertial matrix; Tc  [Tc1 Tc2 Tc3]T∈R3 and 
Td=[Td1  Td2  Td3]T∈R3 represent the external control 
torque and disturbances respectively. Then the dy-
namic equation Eq.(1) can be written as 
 c udˆ ˆ][+ = +×J J Tω ω ω Δ          (2) 
where Δud=Td − [ω×]δJω − δJ ω  denotes the influences 
caused by bounded uncertainties and disturbances, 
d d
31
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i
dT∞ ≤ ≤
= ≤T , 
31
3
1
max .iji j
J p∞ ≤ ≤ =
⎛ ⎞= ⎜ ⎟⎜ ⎟⎝ ⎠
δ δ ≤∑J And 
the upper bound of ω  can be evaluated according to 
dynamic equation by the max torque τmax that the ac-
tuator can offer, i.e. 
3max max1
/ min( )iii Jτ ω∞ ≤ ≤≈ ≤ ω . As 
[ω×]δJω is a small term relative to others and can be 
ignored, the upper bound of Δud can be estimated by the 
bounds of uncertainty and disturbances as‖Δud‖∞≤  
‖Td‖∞+‖δJ ω ‖∞ ≤ d+p maxω =μ. 
Euler’s principal rotation theorem shows that a rigid 
body’s attitude change can be achieved by a single 
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rigid rotation through a principal angle about the prin-
cipal axis. The principal axis is fixed in both the initial 
and final orientation, and is called eigenaxis for its 
connection with the eigenvector of the direction cosine 
matrix. Both quaternion and MRPs define the rigid 
body attitude as an eigenaxis rotation, and quaternion 
is widely used in attitude control for its global 
non-singularity[4-10]. However, quaternion is not the 
minimal attitude representation and has redundancy, so 
MRPs are adopted in this article. 
The inertial MRPs attitude of spacecraft, σ  [σ1  σ2 
σ3]T∈R3, is defined as 
tan
4
Θ= eσ  
where e is the unit vector of eigenaxis fixed in both 
inertial frame and body frame, and Θ is the angle to be 
rotated to transform from inertial frame to body frame.  
The inertial attitude kinematics described by MRPs 
expressed in the body frame is 
 ( )= Mσ σ ω               (3) 
where M(σ)=[(1−σ Tσ)I3×3+2[σ ×]+2σσ T]/4, satisfying 
the equation M T(σ)M(σ) =m(σ)I3×3, where m(σ)=(1+ 
σTσ)2/16
 
and I3×3 is a 3×3 identity matrix. 
For large angle attitude maneuver, attitude error is 
more suitable to describe the attitude change. Assum-
ing the current attitude of spacecraft is σ, the desired 
attitude is σd, then the attitude error is defined as fol-
lows[16]: 
1
e d( ) ( )t
−⊗= =σ σ σ  
T T
d d d d
T T T
d d d
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where ⊗ is the MRPs multiplication. 
According to Euler’s principal rotation theorem, one 
has e
( )( ) tan
4
tt Φ=σ n  and ω (t)×n ≡ 0, where n is 
the unit vector of eigenaxis determined by initial attitude 
σ0 and desired attitude σd, and n=σe(0)/‖σe(0)‖2, 
‖α‖2 is the 2-norm of vector α and‖α‖2=
2
1
n
i
i
α
=
∑ , 
Φ (t) is the angle remaining to rotate about n to com-
plete the maneuver. 
Correspondingly, the attitude error kinematics turns 
to[16] 
 e e( )= M σσ ω            (4) 
To sum up, the control problem of Rest-to-Rest large 
angle eigenaxis maneuver of rigid spacecraft can be 
described as follows. 
For the system characterized by Eq.(2) and Eq.(4), 
find a control law driving the initial system state 
(0, σ (0))
 
to the desired state (0, σd ) under bounded 
influences of uncertainties and disturbances, and the 
constraint ω (t)×n ≡ 0 is met during the maneuver. 
3. ETVSMC Eigenaxis Maneuver Strategy 
Considering the characteristics of MRPs attitude 
kinematics, an exponential time-varying sliding sur-
face is designed as follows: 
T T
e e
e e
e e
( ) ( )( ,
( )
, e
( )
) att k
m m
−= + +σ σω σ ω σσ σ
M AS M   (5) 
where A∈R3, a and k are positive scalars, a ≠ k. It is 
clear that as t→∞, the time-varying sliding surface 
S(ω,σe,t) approaches to the nonlinear sliding surface 
S(ω,σe) =ω+k
T
e
e
)(
)(m
M σ
σ σe with exponential form.  
According to the TVSMC theory, the initial system 
states should be on the sliding surface. Let 
S(0,σe(0),0) = 0, then 
 e (0)k= −A σ                (6) 
Theorem 1  For the system characterized by Eq.(2) 
and Eq.(4), by choosing the ETVSMC law with the 
form of Eq.(7):  
T
c e e eT
e e
ˆ(4
1
)( ) 2k= − −+ −J MT σ σ σ ωσ σ  
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e
ˆ] sgn[ ( , ), )( tη× − SJω ω ω σ        (7) 
where (M T(σe)A/m(σe))′ is the time derivative of 
M T(σe)A/m(σe). The closed loop system is global as-
ymptotic stable if the condition η > μ is satisfied. 
Proof  Define the following positive definite 
Lyapunov function: 
 Te e e
1 ˆ, ,( , ) ( , ) ( , ),
2
V t t t= S JSω σ ω σ ω σ   (8) 
The time derivative of V(ω,σe, t) is given by 
 Te e e( , ) ( , ) ( ,, , , )ˆt t tV =  JSSω σ ω σ ω σ    (9) 
where the derivative of S(ω,σe, t) can be derived from 
Eq.(5). 
T
e e e eT
e e
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1
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 S Mω σ ω σ σ σ ωσ σ  
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a − −
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AM A Mσ σσ σ       (10) 
Substituting Eq.(10) into Eq.(9) and considering the 
attitude dynamic Eq.(2) and control law Eq.(7), by 
some simplifications, the time derivative of Lyapunov 
function can be given as follows: 
T
e e e( , ) ( , ˆ) ( ), , ,, t t tV ==  JS Sω σ ω σ ω σ  
T T
e c e e eT
e e
ˆ, (4) ) 2 )(
1
( , kt
⎡ + − −⎢⎣ +
J MS Tω σ σ σ σ ωσ σ  
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where‖α‖1   is the 1-norm of the vector α, and 
‖α‖1 =
1
i
n
i
α
=
∑ . If S(ω,σe, t)≠0, from η >μ one has 
V (ω,σe,t)<0. According to Lyapunov stability principle, 
the conclusion that the system is asymptotic stable can be 
drawn. Moreover, if‖S(ω,σe,t)‖→∞, then V(ω,σe, 
t)→∞ can be easily obtained, which shows that the 
closed-loop system is global asymptotic stable. 
Remark 1  To soften the inherent chattering prob-
lem of SMC, the saturation function sat(·) is used to 
replace the sign function sgn(·), where the thickness of 
the sliding layer is denoted by ξ. Subsequently, the 
closed-loop system is no more asymptotic stable but 
asymptotic bounded. 
Theorem 2  For the asymptotic stable system 
Eq.(2) and Eq.(4) controlled by Eq.(7), if the pa-
rameter A is selected as Eq.(6), then the system tra-
jectory is always in the sliding phase from the begin-
ning of maneuver motion, i.e., ∀t∈[0,∞), S(ω,σe, t)=0 holds. 
Proof  The positive definite Lyapunov function is 
selected as Eq.(8), and considering the time derivative 
of Eq.(8), we have 
T
e e e ud1( , ) ( , ) ( ,, , , )t t tV η= +− ≤ S Sω σ ω σ ω σ Δ  
e e1 1( , ) ( , ), ,t tη μ+− S Sω σ ω σ  
Then e( , , ) 0V t ≤ ω σ for any S(ω,σe, t), while V (ω, 
σe,t)=0 is true only for S(ω,σe, t) = 0. Noticing 
S(ω,σe, t) = 0 and V(ω,σe, t)=0 at t = 0, and as 
V (ω,σe,t)≤0, therefore V(ω,σe,t)≤0. From the defini-
tion of Lyapunov function in Eq.(8) one gets V(ω, 
σe,t)≥0, so the Lyapunov function is equal to zero for 
all the time, which implies that  
e( , ) ,, 0t t= ∀ >0S ω σ  
Remark 2  It can be seen from Theorem 2 that the 
system states are kept on the sliding surface from the 
beginning of the motion, and the reaching phase is 
eliminated, which means the global robustness is real-
ized.  
Theorem 3  An eigenaxis maneuver performance 
can be achieved for rigid spacecraft’s Rest-to-Rest 
maneuver under the effects of inertial matrix uncer-
tainties and external disturbances when the system is 
controlled by the ETVSMC law Eq.(7).  
Proof  According to the conclusion of Theorem 2 
that for any time the S(ω,σe, t)=0 holds, from Eq.(5) we have 
 
T T
e e
e
e e
( ) ( )
( ) (
e
)
atk
m m
−⎛ ⎞= +−⎜ ⎟⎝ ⎠
M M Aσ σω σσ σ     
(11) 
Substituting it into attitude error kinematic equation 
Eq.(4) and utilizing the properties of MRPs attitude 
kinematics, we can get the following first order differ-
ential equation:  
 e e ee (0)
atk k −+ − = 0σ σ σ          (12) 
The solution is as follows: 
 e e( ) ( ) (0)ft t=σ σ           (13) 
where f (t)=(ae−kt−ke−at)/(a−k) is a scalar function. 
Substituting the solution Eq.(13) into Eq.(11), we 
get 
 e( ) ( ) (0)t tg=ω σ          (14) 
where T 2e e( ) 4 ( ) /(1 (0) (0) ( ))t f t tg f+=  σ σ is a scalar 
function. As e e 2(0) / (0)=n σ σ , so the result 
( )t × ≡ 0nω  
can be easily attained, which means that the angular 
rate is collinear with eigenaxis and eigenaxis maneuver 
is achieved. 
Remark 3  Since TVSMC has the properties of 
global robust against the uncertainties of inertial ma-
trix and external disturbances, the control law Eq.(7) 
ensures the robustness as well as the properties of ei-
genaxis rotation, which cannot be achieved by the 
feedback control law of Ref.[6] and Ref.[10]. 
Remark 4  According to function extreme judg-
ments, the scalar function f (t) is monotonically de-
creasing, and f (t) >0, f (∞)=0, so there is no over-
shooting of the system response, which shows the 
good dynamic performance, and the attitude error can 
be fully predicted by Eq.(13). 
Remark 5  Further engineering consideration is put 
on the problem of control saturation due to the physi-
cal restriction of actuator. Here, a torque command 
regulator with a switching scheme is introduced as 
follows[17]: 
max
max m
c c
c
c
c
ax
τ
τ τ
∞
∞
∞
>
⎧  ≤⎪= ⎨  ⎪⎩
T T
T T
T
τ  
where Tc is the torque command generated from the 
ETVSMC controller in Eq.(7) and τ is the actual torque 
command for the actuator. As τmax/‖ Tc‖∞ is a scalar, 
the direction of the actual torque command is consistent 
with the torque command of the ETVSMC controller, 
which implies the property of the eigenaxis rotation is 
still promised in the presence of the control saturation. 
4. Numerical Simulation 
To verify the advantage of proposed ETVSMC law, 
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a numerical simulation is conducted with uncertain-
ties of inertial matrix and external disturbances taken 
into account. The simulation results are compared 
with the eigenaxis feedback control law in Ref.[6] 
and the time-invariant sliding mode control       
in Ref.[10]. The nominal inertial matrix is supposed  
to be ˆ =J diag(1 200, 2 200, 3 100) as in Ref.[6] and  
the actual inertial matrix is given by =J
 
1 200 100 200
100 2 200 300
200 300 3 100
−⎡ ⎤⎢ ⎥⎢ ⎥⎢ ⎥−⎣ ⎦
. The initial MRPs attitude is 
[0.1  0.2  −0.3]T, and the desired MRPs attitude is 
[−0.2  0.55  0.68]T. The large angle maneuver is 
equivalent to an eigenaxis rotation of 196° about the 
unit eigenaxis vector n=[0.779  −0.442  −0.445]T. The 
space disturbances is assumed to be 0.1[sin(0.01t) 
sin(0.01t)  sin(0.02t)]T N·m, and the threshold of the 
input effort is τmax=2 N·m. To describe the influences 
of the uncertainties and disturbances on the eigenaxis 
rotation, let E=σe(t)×σe(0)/‖σe(0)‖, and the degree 
of deviation from the eigenaxis is characterized 
by‖E‖2. The parameters of the ETVSMC law Eq.(7) 
is selected as follows:η＝0.9, k=0.03, a=0.04 and the 
thickness of sliding layer is set as ξ=1/6 000. The simu-
lation results and comparisons are demonstrated in 
Figs.1-9. 
 
Fig.1  Comparisons of inertial MRPs attitude and principal 
angle of three control laws. 
In the reaching phase of conventional sliding mode 
control, the discontinuous switching control with high 
gain is dominant, so the system responds rapidly. From 
Fig.1 we can see that the attitude error governed by 
SMC law converges fastest; however, this is at the ex-
pense of acute change and high value of the angular 
rate as shown in Fig.2 which may lead to the saturation 
of the actuator. ETVSMC and feedback control law in 
Ref.[6] take on the similar smooth transition of the 
system response, but due to the existence of uncertain-
ties and disturbances, as well as the low accuracy per-
formance, the weak robustness of feedback control law 
in Ref.[6] is especially obvious in the steady state. On 
the other hand, both the SMC and ETVSMC show 
strong global robustness and take on a higher accuracy. 
The principal angle attitude precisions of feedback 
control law, SMC and ETVSMC are 4°, 0.03° and 
0.06°, respectively.  
From Fig.3 we can see that the control torque of 
SMC shows sharp jump because of the switch control 
term in the SMC control law, while the other two con-
trol torques are relatively smooth and more suitable for 
engineering application. Furthermore, to deal with the 
control saturation, the torque command regulator is 
utilized; the ETVSMC control torque subject to input 
constraint is shown in Fig.4. 
 
Fig.2  Comparisons of inertial attitude angular rate of three 
control laws. 
 
Fig.3  Control torques of three control laws subject to no 
input constraint. 
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Fig.4  Control torque of ETVSMC subject to input con-
straint τmax=2 N·m. 
As shown in Fig.5, the time-varying sliding surface 
converges to the SMC’s time-invariant sliding surface 
with exponential form; it is clear that there is a reach-
ing phase in the SMC in Fig.6 while the sliding surface 
function of ETVSMC is about 510− , which is inside the 
sliding layer ξ. In Fig.6, S1, S2 and S3 are components 
of S. The system trajectory is always in the sliding 
phase, and the reaching phase is eliminated. 
An eigenaxis rotation test is done between the 
proposed strategy in this article and the linear feed-
back strategy in Ref.[6] under the effects of external 
disturbances and parametric uncertainty. The ei-
genaxis maneuver can be achieved by both feedback 
control law of Ref.[6] and ETVSMC in the ideal con-
dition. However, as Fig.7 shows, under the influences 
 
Fig.5  System trajectories of SMC and ETVSMC. 
 
 
Fig.6  Sliding surface functions of SMC and ETVSMC. 
 
Fig.7  MRPs attitude error’s space path of eigenaxis feed-
back control law in Ref.[6]. 
 
Fig.8  MRPs attitude error’s space path of ETVSMC. 
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Fig.9  Degree of departure from eigenaxis of feedback con-
trol law and ETVSMC. 
of uncertainties and disturbances, the eigenaxis ma-
neuver control law of Ref.[6] fails to realize the ei-
genaxis rotation, and the space path of MRPs error is 
consistent with the eigenaxis vector as shown in 
Fig.8. The degree of the departure from the eigenaxis 
is shown in Fig.9. 
From Fig.9, the degree of departure from eigenaxis 
in ETVSMC is 1% of that in feedback control law in 
Ref.[6]. Combining the global robustness property, we 
can see that the proposed ETVSMC is a global robust 
eigenaxis maneuver control scheme for rigid spacecraft 
Rest-to-Rest maneuver. 
5. Conclusions 
A global robust eigenaxis attitude maneuver strategy 
for rigid spacecraft is proposed in this article. To en-
sure the property of eigenaxis rotation under the effects 
of system uncertainties and disturbances, an ETVSMC 
attitude control algorithm is designed. The control law 
is based on an exponential time-varying sliding sur-
face, which eliminates the reaching phase of the con-
ventional time-invariant sliding mode control and 
keeps the system trajectory in the sliding phase all the 
time. A torque command regulator is utilized to deal 
with the control constraint, and the eigenaxis rotation 
is ensured in the presence of control saturation. Com-
pared with the feedback control scheme of eigenaxis 
maneuver, ETVSMC can guarantee the eigenaxis rota-
tion performance under the influences of the parame-
ters uncertainties and unexpected disturbances, and the 
closed loop system shows good dynamic response and 
has a smoother torque dynamic with comparison to the 
traditional SMC. However, when applied to actual dis-
crete-time system, details of corresponding discrete 
ETVSMC law should be further taken into account. 
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